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Nonlinear partial differential equations (PDEs) are involved
nonlinear complex physical phenomena, which play a vital role
in physical sciences. The generalized coupled Zakharov–Kuznetsov
equations, dispersive long wave equation and generalized KdV
equations are important models for numerous physical phenom-
ena as well as waves in nonlinear LC circuit by way of mutual
inductance among neighboring inductors, shallow and stratified
internal waves, ion-acoustic waves, plasma physics, hydrodynam-
ics and many more [1–5]. The generalized Zakharov–Kuznetsov
and dispersive long wave equations appear in many areas of
applied sciences and engineering. Exact travelling wave solutions
of nonlinear Coupled PDEs can perform a significant part in the
understanding of these physical phenomena because various phe-
nomena in nature such as vibration and self reinforcing solitary
waves are described by them. So, the investigation of traveling
wave solution turned into a main vital and major task, which plays
an important role in nonlinear science. In last some decades, both
mathematician and physicist have made much important effort in
this area and demonstrated various useful techniques, such as theHirota’s bilinear scheme [6], inverse scattering scheme [1], Back-
lund transform method [6], homogeneous balance scheme [7],
Painlev expansion [8], the mapping method and extended mapping
method [9,10], Exp-function method [11], rational expansion
method [12] and many more [13–15].
The Zakharov–Kuznetsov equation was initially derived for
describing weakly nonlinear ion-acoustic waves in strongly mag-
netized lossless plasma in two dimensions [16] and the dispersive
long wave equation can be traced back to the works of Kaup [17],
Broer [18], Kupershmidt [19], Martinez [20], etc and (1 + 1)-
dimensional dispersive long wave equation is called the classical
Boussinesq equation. A good understanding about the solutions
of these PDEs is very useful for civil engineers, coastal, etc to con-
cern the nonlinear water wave model in a coastal design, harbor
and so on. Thus, searching more types of travelling wave solutions
of these equations are of fundamental curiosity in uid dynamics.
Many articles have been devoted to find the numerical and exact
solutions of these equations. Different forms of exact travelling
wave solutions of the ZK equation, the modified ZK equation and
the generalized forms of these equations have obtained by using
different methods [12,21–27]. Many numerical schemes such as
Adomian decomposition method [28,29], homotopy perturbation
method [30], homotopy analysis method [28,31], differential trans-
formmethod, reduced differential method [32–36] and many other
have been applied to obtain the numerical solutions in different
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solutions, structures, interaction and further properties of soliton
abstracts give much more attention and various meaningful results
are successfully obtained [37–44].
In this paper, we further extend the ansatz equation in more
general form in the modified extended direct algebraic method
to construct travelling wave solutions of generalized coupled ZK
equations and dispersive long wave equation. As a result, some
new and more general exact travelling wave solutions are
obtained.
This article is ordered as follows. An introduction is given in S
ection ‘‘Introduction”. In Section ‘‘The generalized couple ZK equa-
tions”, we construct some new exact soliton and elliptic solutions
in general form of the generalized coupled ZK equations. New gen-
eralized form of travelling wave and elliptic function solutions of
the dispersive long wave equation are got in Section ‘‘The disper-
sive long wave equations”. Lastly, the conclusion is given in
Section ‘‘Conclusion”.
The generalized couple ZK equations
The Couple ZK equations in generalized form are as:Fig. 1. Travelling wave solutions of Eq. (11) with various different forms are plotted: (a)
plot of v2.ut þ uxxx þ uyyx  6uux  vx ¼ 0;
v t þ dvxxx þ kvyyx þ gvx  6lvvx  aux ¼ 0:
ð1Þ
Consider the traveling wave solution of Eq. (1)
uðx; y; tÞ ¼ UðnÞ ¼
Xm
i¼m
ai/
iðnÞ; vðx; y; tÞ ¼ VðnÞ ¼
Xn
j¼n
bj/
jðnÞ ð2Þ
where
/0ðnÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c0 þ c1/þ c2/2 þ c3/3 þ c4/4 þ c5/5 þ c6/6
q
;
n ¼ k1xþ k2yþxt ð3Þ
where ai; bj; c0; c1; c2; c3; c4; c5; c6; k1; k2 andx are arbitrary constants
and m;n are positive integers, which are determined later. The
parameters m and n are usually obtained by balancing the highest
order linear term with the nonlinear terms of highest order in the
resulting equations. Substituting Eq. (2) into Eq. (1), then integrat-
ing w.r.t. n and taking integration constant to zero, we get
k31 þ k1k22
 
U00 þ x 3k1Uð ÞU  k2V ¼ 0;
dk32 þ kk1k22
 
V 00 þ xþ gk2  3lk2Vð ÞV  ak1U ¼ 0:
ð4ÞPeriodic solitary waves and (b) contour plot of u2, (c) solitary waves and (d) contour
 
1138 M. Arshad et al. / Results in Physics 6 (2016) 1136–1145By using balancing principle, we suppose the solution of Eq. (4)
are as:
UðnÞ ¼ a4
/4
þ a3
/3
þ a2
/2
þ a1/ þ a0 þ a1/þ a2/2 þ a3/3 þ a4/4;
VðnÞ ¼ b4
/4
þ b3
/3
þ b2
/2
þ b1/ þ b0 þ b1/þ b2/2 þ b3/3 þ b4/4:
ð5Þ
Substituting Eq. (5) into Eq. (4) setting the coefficients of /i/ðiÞ
to zero yields a systems of algebraic equations in a4; a3; a2;
a1;a0;a1;a2;a3;a4;b4;b3;b2;b1;b0;b1;b2;b3;b4;k1;k2;x;a;l;g;k
and d. The systems of algebraic equations possesses the following
solutions cases:
Case 1. c1 ¼ c3¼5 ¼ 0; c0 ¼ 8c
2
2
27c4
¼ and c6 ¼ c
2
4
4c2
,
(i) a4 ¼ a3 ¼ 0; a2 ¼ 16c
2
2 k
2
1þk22ð Þ
27c4
; a1 ¼ 0; a0 ¼ 49 c2 k
2
1 þ k22
 
;
2a1 ¼ a2 ¼ a3 ¼ a4 ¼ 0; b4 ¼ b3 ¼ 0; b2 ¼ 16c2k2 dk2þkk1ð Þ27c4l ;
b1 ¼ 0; b0 ¼ 4c2k2 dk2þkk1ð Þ9l ; b1 ¼ b2 ¼ b3 ¼ b4 ¼ 0;
g ¼ 4c2k2k313adk1l
3k2k2
 4c2k23 dk2 þ kk1  k1ð Þ
 dlþ
ak1l d2þk2ð Þ
k2 dk2þkk1ð Þ
þ ak21l
kk22
þ k1 dk1kk2ð Þ
k21þk22ð Þl ;
x ¼ 3k
2
2 dk2þkk1ð Þ4c2k1 k21þk22ð Þ2l
3 k21þk22ð Þl ;
ð6Þ
a4 ¼ a3 ¼ 0; a2 ¼ 16c
2
2 k
2
1þk22ð Þ
27c4
; a1 ¼ 0; a0 ¼ 89 c2 k
2
1 þ k22
 
;
2(ii)a1 ¼ a2 ¼ a3 ¼ a4 ¼ 0; b4 ¼ b3 ¼ 0; b2 ¼ 16c2k2 dk2þkk1ð Þ27c4l ;
b1 ¼ 0; b0 ¼ 8c2k2 dk2þkk1ð Þ9l ; b1 ¼ b2 ¼ b3 ¼ b4 ¼ 0;
g ¼  4c2k2k31þ3adk1l
3k2k2
þ 4c2k2ðdk2þkk1k1Þ3
 dlþ
ak1l d2þk2ð Þ
k2 dk2þkk1ð Þ
þ ak21l
kk22
þ k1 dk1kk2ð Þ
k21þk22ð Þl ;
x ¼ 4c2k1 k
2
1þk22ð Þ2lþ3k22 dk2þkk1ð Þ
3 k21þk22ð Þl ;
ð7Þ
a4¼a3¼0; a2¼ 16c
2
2 k
2
1þk22ð Þ
27c4
; a1¼0;(iii)
3k7
2
dk2þkk1ð Þ4a0¼
p1
k1 k
2
1
þk2
2ð Þ
9k52l dk2þkk1ð Þ3
þ2c2ðk21þk22Þ3 ; a1¼a2¼0
b2¼ 16c
2
2k2 dk2þkk1ð Þ
27c4l
; b0¼
p1
k2
1
þk2
2ð Þl2
6c2k
5
2
dk2þkk1ð Þ3
l þ3ak1k22 k21þk22ð Þ dk2þkk1ð Þ
9k42 dk2þkk1ð Þ2
;
a3¼a4¼b4¼b3¼b1¼b1¼b2¼b3¼b4¼0;
x¼ 2k1p1
3k52l dk2þkk1ð Þ3
 k22 dk2þkk1ð Þ
k21þk22ð Þl ;
g¼3k
4
2 dk2þkk1ð Þ2 ak1l2 k21þk22ð Þ2k32 dk2þkk1ð Þ2
 
þ2 dk32þkk22k1þk31þk22k1ð Þp1
3lk62 k
2
1þk22ð Þ dk2þkk1ð Þ3 ;
where
p1¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k92 k
2
1þk22
 
l2 dk2þkk1ð Þ5 4c22k2 k21þk22
 
dk2þkk1ð Þ9a
 r
;
ð8Þa4¼a3¼0; a2¼16c
2
2 k
2
1þk22ð Þ;(iv) 27c4a1¼0; a0¼49c2 k
2
1þk22 a1¼a2¼a3¼a4¼0;
b4¼b3¼0; b2¼16c
2
2k2 dk2þkk1ð Þ
27c4l
;
b1¼0; b0¼4c2k2 dk2þkk1ð Þ9l ; b1¼b2¼b3¼b4¼0;
a¼ k2 dk2þkk1ð Þ 3k2 k
2
2ðdþglÞþgk21lþkk2k1ð Þ4c2 k21þk22ð Þl dk32ðk1Þk22k1þk31ð Þð Þ
3k1 k
2
1þk22ð Þ2l2
;
x¼3k
2
2 dk2þkk1ð Þ4c2k1 k21þk22ð Þ2l
3 k21þk22ð Þl :
ð9Þ
ase 1(i), Eq. (6) is utilized, then following form of new exact
ns are obtained of Eq. (1).If C
solutio
u1ðx;y;tÞ¼ 4c2 k
2
1þk22ð Þ
9 
2c2 k
2
1þk22ð Þ 3þtanh2 
ﬃﬃﬃﬃﬃ
c23
p
n
  
9tanh2 
ﬃﬃﬃﬃﬃ
c23
p
n
  ;
v1ðx;y;tÞ¼ 4c2k2 dk2þkk1ð Þ9l 
2c2k2 dk2þkk1ð Þ 3þtanh2 
ﬃﬃﬃﬃﬃ
c23
p
n
  
9ltanh2 
ﬃﬃﬃﬃﬃ
c23
p
n
  ; h2 <0;h4 >0:
ð10Þ
u2ðx;y;tÞ¼ 4c2 k
2
1þk22ð Þ
9 þ
2c2 k
2
1þk22ð Þ 3tan2 
ﬃﬃﬃﬃﬃ
c23
p
n
  
9tan2 
ﬃﬃﬃ
c2
3
p
n
  ;
v2ðx;y;tÞ¼ 4c2k2 dk2þkk1ð Þ9l þ
2c2k2 dk2þkk1ð Þ 3tan2 
ﬃﬃﬃﬃﬃ
c23
p
n
  
9ltan2 
ﬃﬃﬃ
c2
3
p
n
  ; h2 >0;h4 <0:
ð11Þ
u3ðx;y;tÞ¼ 4c2 k
2
1þk22ð Þ
9 
2c2 k
2
1þk22ð Þ 3þcoth2 
ﬃﬃﬃ
c2
3
p
n
  
9coth2 
ﬃﬃﬃﬃﬃ
c23
p
n
  ;
v3ðx;y;tÞ¼ 4c2k2 dk2þkk1ð Þ9l 
2c2k2 dk2þkk1ð Þ 3þcoth2 
ﬃﬃﬃ
c2
3
p
n
  
9lcoth2 
ﬃﬃﬃﬃﬃ
c23
p
n
  ; h2 <0;h4 >0:
ð12Þ
u4ðx;y;tÞ¼ 4c2 k
2
1þk22ð Þ
9 þ
2c2 k
2
1þk22ð Þ 3cot2 
ﬃﬃﬃ
c2
3
p
n
  
9cot2 
ﬃﬃﬃ
c2
3
p
n
  ;
v4ðx;y;tÞ¼ 4c2k2 dk2þkk1ð Þ9l þ
2c2k2 dk2þkk1ð Þ 3cot2 
ﬃﬃﬃ
c2
3
p
n
  
9lcot2 
ﬃﬃﬃ
c2
3
p
n
  ; h2 >0;h4 <0:
ð13Þ
where, n ¼ k1xþ k2yþxt;x ¼ 3k
2
2 dk2þkk1ð Þ4c2k1 k21þk22ð Þ2l
3 k21þk22ð Þl .
Fig. 1(a) and (c) signify the evolution of the periodic bright and
bright solitary wave solutions of Eq. (11) of the generalized
coupled ZK Eq. (1), with c2 ¼ 0:5; c4 ¼ 0:5; k1 ¼ 1; k2 ¼ 0:5;
 ¼ 1;l ¼ 2; d ¼ 1:5; k ¼ 1 and y ¼ 1. A contour plots Figs. 1(b)
and (d) are a collection of level curves drawn on different set of
intervals. The Mathematica command Contour Plot draws contour
plots of functions of two variables.
Similarly, we obtained the new more exact solutions in soliton-
like from other sub-cases of case 1.
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a4 ¼ a3 ¼ a2 ¼ a1 ¼ a0 ¼ 0; a1 ¼ c3 k21 þ k22
 
;
a2 ¼ 2c4 k21 þ k22
 
; a3 ¼ a4 ¼ 0;
b4 ¼ b3 ¼ b2 ¼ b1 ¼ b0 ¼ 0; b1 ¼ 3c3 c
2
34c2c4ð Þk1 k21þk22ð Þ2
4c4k2
;
b2 ¼ b3 ¼ b4 ¼ 0;
x ¼ 3c
2
316c2c4ð Þk1 k21þk22ð Þ
4c4
; k ¼  dk2k1 ; l ¼ 
32ac34k2
27 c334c2c3c4ð Þ2k1 k21þk22ð Þ3
;
g ¼ 9c
4
384c2c4c23þ192c22c24ð Þk1 k21þk22ð Þ216ac24k2
12c4 4c2c4c23ð Þk2 k21þk22ð Þ :
ð14Þ
Substituting Eq. (14) into Eq. (5), we have obtained the
following soliton-like solutions of Eq. (1) are as:
u1ðx; y; tÞ ¼ 2c2c3 k
2
1þk22ð Þsechð ﬃﬃﬃc2p nÞﬃﬃ
D
p
c4sechð
ﬃﬃﬃ
c2
p
nÞ þ 2c4 k
2
1 þ k22
 
2c2sechð
ﬃﬃﬃ
c2
p
nÞﬃﬃ
D
p
c4sechð
ﬃﬃﬃ
c2
p
nÞ
 2
;
v1ðx; y; tÞ ¼ 3c2c3k1 c
2
34c2c4ð Þ k21þk22ð Þ2sechð ﬃﬃﬃc2p nÞ
2c4k2
ﬃﬃ
D
p
c4sechð
ﬃﬃﬃ
c2
p
nÞð Þ ; c2 > 0;D > 0:
ð15Þ
u2ðx; y; tÞ ¼  2c2c3 k
2
1þk22ð Þsechð ﬃﬃﬃc2p nÞﬃﬃ
D
p
c4sechð
ﬃﬃﬃ
c2
p
nÞ þ 2c4 k
2
1 þ k22
 
2c2sechð
ﬃﬃﬃ
c2
p
nÞﬃﬃ
D
p
c4sechð
ﬃﬃﬃ
c2
p
nÞ
 2
;
v2ðx; y; tÞ ¼  3c2c3k1 c
2
34c2c4ð Þ k21þk22ð Þ2sechð ﬃﬃﬃc2p nÞ
2c4k2
ﬃﬃ
D
p
c4sechð
ﬃﬃﬃ
c2
p
nÞð Þ ; c2 > 0;D > 0:
ð16Þ
u3ðx; y; tÞ ¼ 2c2c3 k
2
1þk22ð Þcschð ﬃﬃﬃc2p nÞﬃﬃﬃﬃﬃ
D
p
c4cschð
ﬃﬃﬃ
c2
p
nÞ þ 2c4 k
2
1 þ k22
 
2c2cschð
ﬃﬃﬃ
c2
p
nÞﬃﬃﬃﬃﬃ
D
p
c4cschð
ﬃﬃﬃ
c2
p
nÞ
 2
;
v3ðx; y; tÞ ¼ 3c2c3k1 c
2
34c2c4ð Þ k21þk22ð Þ2cschð ﬃﬃﬃc2p nÞ
2c4k2
ﬃﬃﬃﬃﬃ
D
p
c4cschð
ﬃﬃﬃ
c2
p
nÞð Þ ; c2 > 0;D < 0:
ð17Þ
u4ðx;y; tÞ ¼  c2c3 k
2
1þk22ð Þ
c4
1 tanh
ﬃﬃﬃ
c2
p
2 n
  
þ 2c
2
2 k
2
1þk22ð Þ
c4
1 tanh
ﬃﬃﬃ
c2
p
2 n
  2
;
v4ðx;y; tÞ ¼  3c2c3k1 c
2
34c2c4ð Þ k21þk22ð Þ2 1tanh ð
ﬃﬃﬃ
c2
p
2 n
  
4c24k2
; c2 > 0;D¼ 0:
ð18Þ
u5ðx;y; tÞ ¼  c2c3 k
2
1þk22ð Þ
c4
1 coth
ﬃﬃﬃ
c2
p
2 n
  
þ 2c
2
2 k
2
1þk22ð Þ
c4
1 coth
ﬃﬃﬃ
c2
p
2 n
  2
;
v5ðx;y; tÞ ¼  3c2c3k1 c
2
34c2c4ð Þ k21þk22ð Þ2 1coth ð
ﬃﬃﬃ
c2
p
2 n
  
4c24k2
; c2 > 0;D¼ 0:
ð19Þ
where, n ¼ k1xþ k2yþxt;x ¼ 3c
2
316c2c4ð Þk1 k21þk22ð Þ
4c4
.
Fig. 2(a) and (c) signify the evolution of the bright solitary wave
solutions of Eq. (15) of the generalized coupled ZK Eq. (1), with
c2 ¼ 0:5; c3 ¼ 2; c4 ¼ 1; k1 ¼ 1; k2 ¼ 1 and y ¼ 1. A contour plots
Figs. 2(b) and (d) are a collection of level curves drawn on some
intervals.
Case 3: c0 ¼ c1 ¼ c3 ¼ c5¼6 ¼ 0,
(i) a4 ¼ a3 ¼ a2 ¼ a1 ¼ 0; a0 ¼ 43 c2 k
2
1 þ k22
 
;a1 ¼ 0; a2 ¼ 2c4 k21 þ k22
 
; a3 ¼ a4 ¼ 0;
b4 ¼ b3 ¼ b2 ¼ b1 ¼ 0; b0 ¼ 2b2c23c4 ;
b1 ¼ b3 ¼ b4 ¼ 0; x ¼ b2k2þ8c2c4k1 k
2
1þk22ð Þ2
2c4 k
2
1þk22ð Þ ;
k ¼ b2l2c4dk222c4k1k2 ; g ¼
4c4k1 k
2
1þk22ð Þ2 ac42b2c2ð Þþb22k2 4c2 k21þk22ð Þl1ð Þ
2b2c4k2 k
2
1þk22ð Þ ;
ð20Þa ¼ a ¼ a ¼ a ¼ a ¼ a ¼ 0; a ¼ 2c k2 þ k2
 
;(ii) 4 3 2 1 0 1 2 4 1 2a3 ¼ a4 ¼ 0; b4 ¼ b3 ¼ b2 ¼ b1 ¼ b0 ¼ b1 ¼ b3 ¼ b4 ¼ 0;
x ¼ b2k28c2c4k1 k
2
1þk22ð Þ2
2c4 k
2
1þk22ð Þ ;
g ¼ 4c4k1 k
2
1þk22ð Þ2 ac4þ2b2c2ð Þb22k2 4c2 k21þk22ð Þlþ1ð Þ
2b2c4k2 k
2
1þk22ð Þ ; k ¼
b2l2c4dk22
2c4k1k2
:
ð21ÞSubstituting Eq. (20) into Eq. (5), we have obtained the follow-
ing solutions of Eq. (1) are as:
u1ðx; y; tÞ ¼ 4c2 k
2
1þk22ð Þ
3  2c2 k
2
1 þ k22
 
csc2ð ﬃﬃﬃﬃﬃﬃﬃﬃc2p nÞ;
v1ðx; y; tÞ ¼ 2b2c23c4 
b2c2
c4
csc2ð ﬃﬃﬃﬃﬃﬃﬃﬃc2p nÞ; c2 < 0; c4 > 0:
ð22Þ
u2ðx; y; tÞ ¼ 4c2 k
2
1þk22ð Þ
3  2c2 k
2
1 þ k22
 
csch2ð ﬃﬃﬃﬃﬃﬃﬃﬃc2p nÞ;
v2ðx; y; tÞ ¼ 2b2c23c4 
b2c2
c4
csch2ð ﬃﬃﬃﬃﬃc2p nÞ; c2 < 0; c4 > 0;
ð23Þ
u3ðx; y; tÞ ¼ 4c2 k
2
1þk22ð Þ
3 þ
8c4c22 k
2
1þk22ð Þeð2
ﬃﬃﬃ
c2
p
nÞ
c2c4e
ð2 ﬃﬃﬃc2p nÞ1 2 ;
v3ðx; y; tÞ ¼ 2b2c23c4 þ
4b2c22e
ð2 ﬃﬃﬃc2p nÞ
c2c4e
ð2 ﬃﬃﬃc2p nÞ1 2 :
ð24Þ
where, n ¼ k1xþ k2yþxt;x ¼ b2k2þ8c2c4k1 k
2
1þk22ð Þ2
2c4 k
2
1þk22ð Þ .
Similarly, we obtained the new exact solutions of Eq. (1) by
using Eq. (21).
Case 4: c1 ¼ c3 ¼ c5¼6 ¼ 0,
(i) a4 ¼ a3 ¼ a2 ¼ a1 ¼ 0; a0 ¼ 2 k
2
1þk22ð Þ c2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃc223c0c4pð Þ
3 ;a1 ¼ 0; a2 ¼ 2c4 k21 þ k22
 
;
a3 ¼ a4 ¼ 0; b4 ¼ b3 ¼ b2 ¼ b1 ¼ 0;
b0 ¼ b2c2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b22 c
2
2
3c0c4ð Þ
p
3c4
; b1 ¼ b3 ¼ b4 ¼ 0;
g ¼ k1 k
2
1þk22ð Þ2 8b2c4 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃc223c0c4p þ4ac24ð Þb22k2 4 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃc223c0c4p k21þk22ð Þlþ1ð Þ
2b2c4k2 k
2
1þk22ð Þ ;
k ¼ b2l2c4dk222c4k1k2 ; x ¼
b2k28k1c4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c223c0c4
p
k21þk22ð Þ2
2c4 k
2
1þk22ð Þ ;
ð25Þ
a4 ¼ a3 ¼ a2 ¼ a1 ¼ 0; a0 ¼ 2 k
2
1þk22ð Þ c2þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃc223c0c4pð Þ
3 ;(ii)a1 ¼ 0; a2 ¼ 2c4 k21 þ k22
 
;
a3 ¼ a4 ¼ 0; b4 ¼ b3 ¼ b2 ¼ b1 ¼ 0;
b0 ¼ b2 c2þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c223c0c4
pð Þ
3c4
; b1 ¼ b3 ¼ b4 ¼ 0;
g ¼ 4c4k1 k
2
1þk22ð Þ2 ac48b2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃc223c0c4pð Þþb22k2 4 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃc223c0c4p k21þk22ð Þl1ð Þ
2b2c4k2 k
2
1þk22ð Þ ;
k ¼ b2l2c4dk222c4k1k2 ; x ¼
b2k2þ8k1c4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2
2
3c0c4
p
k21þk22ð Þ2
2c4 k
2
1þk22ð Þ ;
ð26Þ
1140 M. Arshad et al. / Results in Physics 6 (2016) 1136–1145(iii) a4 ¼ a3 ¼ a2 ¼ a1 ¼0;
2 ﬃﬃpa0 ¼ 4b
3
2c2c4k1k
2
2 k
2
1þk22ð Þ l2b42k32l2þ2 2c4k1 k21þk22ð Þp
6b32c4k1k
2
2 k
2
1þk22ð Þl2 ;
a1 ¼0; a2 ¼2c4 k21þk22
 
; a3 ¼ a4 ¼b4 ¼b3
¼ b2 ¼ b1 ¼0; b1 ¼ b3 ¼b4 ¼0;
b0 ¼2b2k2 k
2
1þk22ð Þl 2ac24k1 k21þk22ð Þb22c2k2lð Þþ
ﬃﬃ
2
p
p
6b22c4k
2
2 k
2
1þk22ð Þl2 ;
x¼ 4
ﬃﬃ
2
p
c4k1 k
2
1þk22ð Þpb42k32l2
2b32c4k
2
2 k
2
1þk22ð Þl2 ;
g¼4ab
2
2c
2
4k1k
2
2 k
2
1þk22ð Þ2l22 ﬃﬃ2p p b2k2lþ2c4k1 k21þk22ð Þð Þþb42k32l2
2b32c4k
3
2 k
2
1þk22ð Þl2 ;
k¼ b2l2c4dk222c4k1k2 ;
where
p¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b52k
4
2 k
2
1þk22
 
l3ð Þ c4 aþ6b2c0 k21þk22
 
l
 
2b2c22 k21þk22
 
l
 r
;
ð27Þ
a4 ¼ a3 ¼ a2 ¼ a1 ¼0; ﬃﬃp(iv) 3 2 2 2 2 4 3 2 2
a0 ¼4b2c2c4k1k2 k1þk2ð Þ l
2þb2k2l2þ2 2c4k1 k1þk2ð Þp
6b32c4k1k
2
2 k
2
1þk22ð Þl2 ;
a2 ¼2c4 k21þk22
 
; a1 ¼ a3 ¼ a4 ¼ 0; b4
¼ b3 ¼ b2 ¼ b1 ¼ b1 ¼ b3 ¼ b4 ¼0;
b0 ¼
ﬃﬃ
2
p
p2b2k2 k21þk22ð Þl 2ac24k1 k21þk22ð Þb22c2k2lð Þ
6b22c4k
2
2 k
2
1þk22ð Þl2 ;
x¼b
4
2k
3
2l
2þ4
ﬃﬃ
2
p
c4k1 k
2
1þk22ð Þp
2b32c4k
2
2 k
2
1þk22ð Þl2 ;
g¼4ab
2
2c
2
4k1k
2
2 k
2
1þk22ð Þ2l2þ2 ﬃﬃ2p p b2k2lþ2c4k1 k21þk22ð Þð Þþb42k32l2
2b32c4k
3
2 k
2
1þk22ð Þl2 ;
k¼ b2l2c4dk222c4k1k2 ;
where
p¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l3b52k42 k21þk22
 
c4 aþ6lb2c0 k21þk22
  
2lb2c22 k21þk22
  r
:
ð28ÞFrom Case 4, we obtained the new exact jacobi elliptic function
solutions [45,46] of Eq. (1).
Case 5: c4 ¼ c5¼6 ¼ 0,
(i) a4¼a3¼a2¼a1¼0; a0¼ k
2
1þk22ð Þ c2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃc223c1c3pð Þ
6 ; 
a1¼ 12c3 k
2
1þk22 ; a2¼a3¼a4¼0;
b4¼b3¼b2¼b1¼0; b0¼ k2 c2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c223c1c3
pð Þ dk2þkk1ð Þ
6l ;
b1¼ c3k2 dk2þkk1ð Þ2l ; b2¼b3¼b4¼0;
g¼ dklk1k
2
2 k
2
1þk22ð Þ k31dk32ðk1Þk22k1ð Þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃc223c1c3p þak1l2 k21þk22ð Þ2d2k522dkk42k1k2k32k21
k22 k
2
1þk22ð Þlðdk2þkk1Þ ;
x¼
k3
2
ðdk2þkk1 Þ2
k2
1
þk2
2

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2
2
3c1c3
p
k1 k
2
1þk22ð Þlk2 dk2þkk1ð Þ
k2lðdk2þkk1Þ ;
ð29Þ
a4¼a3¼a2¼a1¼0; a0¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2
2
3c1c3
p
þc2ð Þ k21þk22ð Þ
6 ;(ii)a1¼ c3 k
2
1þk22ð Þ
2 ; a2¼a3¼a4¼0;
b4¼b3¼b2¼b1¼0; b0¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2
2
3c1c3
p
þc2ð Þk2 dk2þkk1ð Þ
6l ;
b1¼ c3k2 dk2þkk1ð Þ2l ; b2¼b3¼0;
b4¼0;g¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2
2
3c1c3
p
k2l dk2þkk1ð Þ dk2þðk1Þk1
k3
1
k2
2
 
þak1
k2
1
k2
2
þ1
 
l2k2 dk2þkk1ð Þ
2
k2
1
þk2
2
l dk2þkk1ð Þ ;
x¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2
2
3c1c3
p
k1 k
2
1þk22ð Þlþk
2
2
dk2þkk1ð Þ
k2
1
þk2
2
l ;
ð30Þ(iii) a4 ¼ a3 ¼ a2 ¼ a1 ¼ 0; a0 ¼ 16
p2
2k7
2
dk2þkk1ð Þ4
k1 k
2
1
þk2
2ð Þ
k52l dk2þkk1ð Þ3
þ c2 k21þk22
 0B@
1
CA;a1 ¼ 12c3 k
2
1þk22
 
;
a2 ¼ a3 ¼ a4 ¼0; b0 ¼
c2 k
5
2
dk2þkk1ð Þ3
l 2ak1 k21þk22ð Þk22 dk2þkk1ð Þ p2
k2
1
þk2
2ð Þl2
6k42 dk2þkk1ð Þ2
;
b4 ¼ b3 ¼ b2 ¼ b1 ¼ 0; b1 ¼ c3k2 dk2þkk1ð Þ2l ;
b2 ¼ b3 ¼ b4 ¼0;x¼
k1p2
k7
2
dk2þkk1ð Þ4
k2
1
þk2
2
k52l dk2þkk1ð Þ3
;
g¼ak1 k
2
1þk22ð Þ2k42l2 dk2þkk1ð Þ2k72 dk2þkk1ð Þ4þp2 dk32þðkþ1Þk22k1þk31ð Þ
k62 k
2
1þk22ð Þl dk2þkk1ð Þ3 ;
where
p2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k92 k
2
1þk22
 
l2 dk2þkk1ð Þ5 c223c1c3
 
k2 k
2
1þk22
 
dk2þkk1ð Þ4a
 r
;
ð31Þ
c2 k
2
1þk22ð Þl2k
2
2
dk2þkk1ð Þ
2 2
 p3
5 3(iv) a4 ¼ a3 ¼ a2 ¼ a1 ¼ 0; a0 ¼
k1 k1
þk
2ð Þ k2 dk2þkk1ð Þ
6l ; 
a1 ¼ 12c3 k
2
1þk22 ;
a2 ¼ a3 ¼ a4 ¼0; b0 ¼
c2 k
5
2
dk2þkk1ð Þ3
l 2ak1 k21þk22ð Þk22 dk2þkk1ð Þþ p3
k2
1
þk2
2ð Þl2
6k42 dk2þkk1ð Þ2
;
b4 ¼ b3 ¼ b2 ¼ b1 ¼ 0; b1 ¼ c3k2 dk2þkk1ð Þ2l ;
b2 ¼ b3 ¼ b4 ¼0;x¼
k1p3þ
k7
2
dk2þkk1ð Þ4
k2
1
þk2
2
k52l dk2þkk1ð Þ3
;
g¼ dk
3
2þkk1k22þk31þk1k22ð Þp3
lk62 k
2
1þk22ð Þl dk2þkk1ð Þ3 þ
k32 dk2þkk1ð Þ2al2k1 k21þk22ð Þ2
lk22 k
2
1þk22ð Þ dk2þkk1ð Þ ;
where
p3 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k92 k
2
1þk22
 
l2 dk2þkk1ð Þ5 c223c1c3
 
k2 k
2
1þk22
 
dk2þkk1ð Þ4a
 r
:
ð32Þ
also obtained the new exact travelling wave and ellipticWe
solutions [45,46] of Eq. (1) from Case 5.
The dispersive long wave equations
The dispersive long wave equations are as:
v t þ vvx þwx ¼ 0
wt þ ðvwÞx þ 13vxxx ¼ 0
ð33Þ
Consider the traveling wave solution of Eq. (33)
vðx; tÞ ¼ VðnÞ ¼
Xm
i¼m
ai/
iðnÞ; wðx; tÞ ¼WðnÞ ¼
Xn
j¼n
bj/
jðnÞ ð34Þ
/0ðnÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c0 þ c1/þ c2/2 þ c3/3 þ c4/4 þ c5/5 þ c6/6
q
;
n ¼ kxþ lt ð35Þ
where ai; bj; c0; c1; c2; c3; c4; c5; c6; k and l are arbitrary constants and
m; n are positive integers, which are determined later. The parame-
tersm and n are usually obtained by balancing the highest order lin-
ear term with the nonlinear terms of highest order in the resulting
equations. Substituting Eq. (34) into Eq. (33), we get
lV 0 þ kVV 0 þ kW 0 ¼ 0
lW 0 þ kðVWÞ0 þ k33 V 000 ¼ 0
ð36Þ
By using balancing principle we get m ¼ 1;n ¼ 2, we suppose
the solution of Eq. (36) is as:
Fig. 2. Travelling wave solutions of Eq. (11) with various different forms are plotted: (a) Periodic solitary waves and (b) contour plot of u2, (c) solitary waves and (d) contour
plot of v2.
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WðnÞ ¼ b2
/2
þ b1/ þ b0 þ b1/þ b2/2:
ð37Þ
Substituting Eq. (37) into Eq. (36)setting the coefficients of /i/ðiÞ
to zero yields a systems of algebraic equations in
a1; a0; a1; b2; b1; b0; b1; b2; k and l. The systems of algebraic equa-
tions possesses the following solutions cases:
Case 1: c0 ¼ c1 ¼ c5¼6 ¼ 0
(i) a1 ¼ 0; a0 ¼ 
ﬃﬃ
3
p
c3k
26l ﬃﬃﬃc4p
6
ﬃﬃﬃ
c
p
k ; a1 ¼  2
ﬃﬃﬃ
c4
p
kﬃﬃp ; b2 ¼ b1 ¼ 0;4 3b0 ¼ c
2
3k
24c2c4k2
12c4
;
b1 ¼  13 c3k
2
; b2 ¼  23 c4k
2
:
ð38Þ
a1 ¼ 0; a0 ¼
ﬃﬃ
3
p
c3k
26l ﬃﬃﬃc4pﬃﬃﬃp ; a1 ¼ 2 ﬃﬃﬃc4p kﬃﬃp ; b2 ¼ b1 ¼ 0;6 c4k 3(ii)
2 2 2b0 ¼ c3k 4c2c4k12c4 ;
b1 ¼  13 c3k
2
; b2 ¼  23 c4k
2
:
ð39Þ
stituting Eq. (38) into Eq. (37), we have obtained the follow-Sub
ing soliton-like solutions of Eq. (33) are as:v1ðx; tÞ¼ 
ﬃﬃ
3
p
c3k
26 ﬃﬃﬃc4p l
6
ﬃﬃﬃ
c4
p
k 
4
ﬃﬃﬃ
c4
p
c2ksech
ﬃﬃﬃ
c2
p
nð Þﬃﬃ
3
p ﬃﬃ
D
p
c4sech
ﬃﬃﬃ
c2
p
nð Þð Þ ;
w1ðx;tÞ¼ c
2
3k
24c2c4k2
12c4
 2c3c2k
2sech
ﬃﬃﬃ
c2
p
nð Þ
3
ﬃﬃ
D
p
c4sech
ﬃﬃﬃ
c2
p
nð Þð Þ
8c4c22k
2sech2
ﬃﬃﬃ
c2
p
nð Þ
3
ﬃﬃ
D
p
c4sech
ﬃﬃﬃ
c2
p
nð Þð Þ2 ; c2 > 0;D> 0:
ð40Þ
v2ðx; tÞ¼ 
ﬃﬃ
3
p
c3k
26 ﬃﬃﬃc4p l
6
ﬃﬃﬃ
c4
p
k þ
4
ﬃﬃﬃ
c4
p
c2ksech
ﬃﬃﬃ
c2
p
nð Þﬃﬃ
3
p
c4sech
ﬃﬃﬃ
c2
p
nð Þþ ﬃﬃDpð Þ ;
w2ðx;tÞ¼ c
2
3k
24c2c4k2
12c4
þ 2c2c3k
2sech
ﬃﬃﬃ
c2
p
nð Þ
3 c4sech
ﬃﬃﬃ
c2
p
nð Þþ ﬃﬃDpð Þ
8c4c22k
2sech2
ﬃﬃﬃ
c2
p
nð Þ
3 c4sech
ﬃﬃﬃ
c2
p
nð Þþ ﬃﬃDpð Þ2 ; c2 > 0;D> 0:
ð41Þ
v3ðx;tÞ ¼ 
ﬃﬃ
3
p
c3k
26 ﬃﬃﬃc4p l
6
ﬃﬃﬃ
c4
p
k 
4 ﬃﬃﬃc4p c2kcsch ﬃﬃﬃc2p nð Þﬃﬃ
3
p ﬃﬃﬃﬃﬃ
D
p
c4csch
ﬃﬃﬃ
c2
p
nð Þð Þ ;
w3ðx;tÞ¼ c
2
3k
24c2c4k2
12c4
 2c3c2k
2csch
ﬃﬃﬃ
c2
p
nð Þ
3
ﬃﬃﬃﬃﬃ
D
p
c4csch
ﬃﬃﬃ
c2
p
nð Þð Þ
8c4c22k
2csch2
ﬃﬃﬃ
c2
p
nð Þ
3
ﬃﬃﬃﬃﬃ
D
p
c4csch
ﬃﬃﬃ
c2
p
nð Þð Þ2 ; c2 >0;D<0:
ð42Þ
v4ðx; tÞ¼ 
ﬃﬃ
3
p
c3k
26l ﬃﬃﬃc4p
6
ﬃﬃﬃ
c4
p
k þ 2kc2ﬃﬃﬃﬃﬃ3c4p 1 tanh
ﬃﬃﬃ
c2
p
2 n
  
;
w4ðx;tÞ¼ c
2
3k
24c2c4k2
12c4
þ c2c3k23c4 1 tanh
ﬃﬃﬃ
c2
p
2 n
  
 2c22k
2
3c4
1 tanh
ﬃﬃﬃ
c2
p
2 n
  2
;
c2 > 0;D¼ 0:
ð43Þ
Fig. 3. Travelling wave solutions of Eq. (11) with various different forms are plotted: (a) Periodic solitary waves and (b) contour plot of u2, (c) solitary waves and (d) contour
plot of v2.
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ﬃﬃ
3
p
c3k
26l ﬃﬃﬃc4p
6
ﬃﬃﬃ
c4
p
k þ 2kc2ﬃﬃﬃﬃﬃ3c4p 1 coth
ﬃﬃﬃ
c2
p
2 n
  
;
w5ðx; tÞ ¼ c
2
3k
24c2c4k2
12c4
þ c2c3k23c4 1 coth
ﬃﬃﬃ
c2
p
2 n
  
 2c22k
2
3c4
1 coth
ﬃﬃﬃ
c2
p
2 n
  2
; c2 > 0;D ¼ 0:
where; n ¼ kxþ lt;D ¼ c23  4c2c4:
ð44Þ
Figs. 3(a) and (c) signify the evolution of the solitary wave solu-
tions of Eq. (43) of the dispersive long wave Eq. (33), with
c2 ¼ 1; c3 ¼ 2; c4 ¼ 1; k ¼ 1 and l ¼ 1:5. Fig. 3(b) and (d) are con-
tour plots of v4 and w4 respectively of Eq. (43).
Similarly, we obtained the new exact soliton-like solutions of
Eq. (33) by taking Case 1(ii).
Case 2: c0 ¼ c1 ¼ c3 ¼ c5 ¼ c6 ¼ 0,
ðiÞ a1 ¼ 0; a0 ¼ lk ; a1 ¼ 
2k
ﬃﬃﬃﬃ
c4
p
ﬃﬃﬃ
3
p ; b2 ¼ b1 ¼ 0;
b0 ¼  c2k
2
3
; b1 ¼ 0; b2 ¼ 2c4k
2
3
; ð45Þ
ðiiÞ a1 ¼ 0; a0 ¼ lk ; a1 ¼
2
ﬃﬃﬃﬃ
c4
p
kﬃﬃﬃ
3
p ; b2 ¼ b1 ¼ 0;
b0 ¼  c2k
2
3
; b1 ¼ 0; b2 ¼ 2c4k
2
3
: ð46ÞSubstituting Eq. (45) into Eq. (37), we have obtained the follow-
ing soliton-like solutions of Eq. (33) are as:
v1ðx; tÞ ¼  lk þ 2k
ﬃﬃﬃﬃﬃﬃc2pﬃﬃ
3
p csc
ﬃﬃﬃﬃﬃﬃﬃﬃc2p nð Þ;
w1ðx; tÞ ¼  c2k
2
3 þ 2c2k
2
3 csc
2 ﬃﬃﬃﬃﬃﬃﬃﬃc2p nð Þ; c2 < 0; c4 > 0:
ð47Þ
v2ðx; tÞ ¼  lk  2k
ﬃﬃﬃﬃﬃﬃc2pﬃﬃ
3
p csch
ﬃﬃﬃﬃﬃﬃﬃﬃc2p nð Þ;
w2ðx; tÞ ¼  c2k
2
3 þ 2c2k
2
3 csch
2 ﬃﬃﬃﬃﬃﬃﬃﬃc2p nð Þ; c2 < 0; c4 > 0:
ð48Þ
v3ðx; tÞ ¼  lk þ 4c2
ﬃﬃﬃ
c4
p
keð
ﬃﬃﬃ
c2
p
nÞﬃﬃ
3
p
c2c4e
ð2 ﬃﬃﬃc2p nÞ1  ;
w3ðx; y; tÞ ¼  c2k
2
3 
8c22c4k
2eð2
ﬃﬃﬃ
c2
p
nÞ
3 c2c4e
ð2 ﬃﬃﬃc2p nÞ1 2 :
ð49Þ
where n ¼ kxþ lt.
Figs. 4(a) and (c) signify the evolution of the dark solitary
wave and bright solitary solutions of Eq. (47) of the dispersive
long wave Eq. (33), with c2 ¼ 1; c4 ¼ k ¼ 1 and l ¼ 1. Figs. 4
(b) and (d) are contour plots of v1 and w1 respectively of
Eq. (47). we can also obtained new exact soliton-like solutions
from Case 2(ii).
Fig. 4. Travelling wave solutions of Eq. (11) with various different forms are plotted: (a) Periodic solitary waves and (b) contour plot of u2, (c) solitary waves and (d) contour
plot of v2.
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(i) a1 ¼ 0; a0 ¼ lk ; a1 ¼ 
2
ﬃﬃﬃﬃﬃ
c4
p
kﬃﬃﬃ
3
p ; b2 ¼ b1 ¼ 0; b0¼  c2k
2
3
; b1 ¼ 0; b2 ¼ 2c4k
2
3
; ð50Þ
a1 ¼ 0; a0 ¼ lk ; a1 ¼
2
ﬃﬃﬃﬃﬃ
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p
kﬃﬃﬃ
3
p ; b2 ¼ b1 ¼ 0; b0(ii)
2 2¼  c2k
3
; b1 ¼ 0; b2 ¼ 2c4k3 ; ð51Þ
a1 ¼ 2
ﬃﬃﬃﬃ
c0
p
kﬃﬃﬃp ; a0 ¼ l ; a1 ¼ 0; b2 ¼ 2 c0k2; b1(iii)
3 k 3¼ 0; b0 ¼  c2k
2
3
; b1 ¼ b2 ¼ 0; ð52Þ
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ﬃﬃﬃﬃ
c0
p
kﬃﬃﬃp ; a0 ¼ lk ; a1 ¼ 0; b2 ¼ 
2c0k
2
3
; b1(iv)
3
1 2¼ 0; b0 ¼ 3 c2k ; b1 ¼ b2 ¼ 0; ð53Þﬃﬃﬃp ﬃﬃﬃp
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2
ﬃﬃﬃ
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p ﬃﬃﬃ
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p
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2
;
ð54Þ
a1 ¼ 2
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p
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p ; a0 ¼  lk ; a1 ¼  2
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c4
p
kﬃﬃ
3
p ; b2 ¼  23 c0k
2
;
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(vi)b1 ¼ 0; b0 ¼ 3 ;
b1 ¼ 0; b2 ¼  23 c4k
2
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p
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3
p ; a0 ¼  lk ; a1 ¼ 2
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p
kﬃﬃ
3
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2
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1 ﬃﬃﬃﬃp ﬃﬃﬃﬃp 2 2  ð56Þb1 ¼ 0; b0 ¼ 3 2 c0 c4k  c2k ;
b1 ¼ 0; b2 ¼  23 c4k
2
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a1 ¼ 2
ﬃﬃﬃ
c0
p
kﬃﬃ
3
p ; a0 ¼  lk ; a1 ¼ 2
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c4
p
kﬃﬃ
3
p ; b2 ¼  23 c0k
2
; (viii) ﬃﬃﬃﬃﬃﬃﬃﬃﬃp 2 2b1 ¼ 0; b0 ¼ 13 2 c0c4k  c2k ;
b1 ¼ 0; b2 ¼  23 c4k
2
:
ð57Þ
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(i) a1¼0; a0¼
ﬃﬃ
3
p
c3k
26l ﬃﬃﬃc4p
6
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p
k ; a1¼2k
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2
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2
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2
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e 5: c ¼ c ¼ ¼ 0,Cas 4 5 6
(i) a1 ¼  2
ﬃﬃﬃ
c0
p
kﬃﬃ
3
p ; a0 ¼ 
ﬃﬃ
3
p
c1k
26 ﬃﬃﬃc0p l
6
ﬃﬃﬃ
c0
p
k ; a1 ¼ 0;b2 ¼  23 c0k
2
; b1 ¼  13 c1k
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b0 ¼ c
2
1k
24c0c2k2
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a1 ¼ 2
ﬃﬃﬃ
c0
p
kﬃﬃ
3
p ; a0 ¼
ﬃﬃ
3
p
c1k
26 ﬃﬃﬃc0p l
6
ﬃﬃﬃ
c0
p
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2 2 1 2 ð63Þ
(ii)b2 ¼  3 c0k ; b1 ¼  3 c1k ;
b0 ¼ c
2
1k
24c0c2k2
12c0
; b1 ¼ 0; b2 ¼ 0:We can also obtained the new exact travelling wave and elliptic
solutions [45,46] of Eq. (33) from Case 3, Case 4 and Case 5.
Conclusion
In this study, we create the new exact travelling wave solutions
of generalized coupled Zakharov–Kuznetsov and dispersive long
wave equations, which are very important in physics and mathe-
matics. The solutions of both equations are obtained in the explicit
form. Many new exact solutions are obtained, which have impor-
tant applications in applied sciences and might provide a useful
help for researcher and physicists to study more complex physical
phenomena.
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